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Abstract:

The strategy of using generalized topologies and hereditary classes
to extend classical topological concepts have been used by many
mathematicians. In this work, we define and study the concepts of
some generalizations of u-lindelof generalized topological spaces
with respect to a hereditary class H, namely; nearly p-lindelof

generalized topological spaces with respect to a hereditary class H.
In addition, some basic properties of concepts are investigated, the
relation among this work and some other generalizations of p-
lindelof are shown.
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hereditary class H.

1 Copyright © ISTJ ks gine okl (3 gia
Al 5 o slalli] sal) Aaall


mailto:maryamomran83@yahoo.com

International Science and Ryl p glll A0 g
Al
Technology Journal VVolume 29 ‘

A0y il A ) Al April 2022 i ISTJA %

1. Introduction and preliminaries

It is well-known that a large number of studies is devoted to the
study of classes of subsets of a topological spaces, containing the
class of open sets and possessing properties more or less similar to
those of open sets. Recently, a significant contribution to the theory
of open sets, was introduced by (Csaszar, 1997). After that, the
notions of generalized topology and hereditary classes was studied
by ((Csaszar, 2002, 2005, 2006) and Zahran, EI-Saady and Ghareeb,
2012; Kim and Min, 2012, Ramasamy, Rajamani and Inthumathi,
2012)) respectively. Moreover, many authors have been extended
the notions of lindel6fness in generalized topological spaces such
as; (Sarsak, 2012) (Abuage, and Kiligman, 2017, 2018). The notions
of generalizations of lindel6fnessin term of hereditary classes was
studied by (Qahis, 2016). In our work, we define and study some of
generalizations of lindeldfness in hereditary generalized topological
spaces, namely nearly p-lindel6f generalized topological
spaceswith respect to a hereditary classH .

Definition 1.1. (Csaszar, 2002) Let X be a nonempty set , P(X)
denotes the power set of X and i be a nonempty family of P(X). The
symbol u implies a generalized topology (briefly, GT) on X if the
emptyset¢ € uand U € y where y € Q implies Uycq U, € u.The
pair (X, u ) is called generalized topological space (briefly. GTS) and
we always denote it by GTS (X, u) or X.

Each element of GTu is said to be p-open set and the complement of
u-open set is called u-closed set. Let A be a subset of a GTS(X, ),
then i, (A) (resp. c,(A)) denotes the union of all u-open sets
contained in A (resp. denotes the intersection of all u-closed sets
containing A), andX \ A denotes the complement of A, ¢,(X\
A) = X\ (i A). Moreover, A is said to be u-regular open (resp. p-
regular closed) if A = i, c, (A) (resp. A = c,i,(A)) (Csaszar, 2008),
a subset A of aGTS( X, ) is called u-clopen if it is both pu-open and
u-closed.

Definition 1.2. (Csaszar, 2004) A GTS(X,u) is said to be u-
extremely disconnected if the u-closure of every u-open set is u-
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open. If $ € P(X) and @ € 5. Then pBis called a u-base for u if
{up':B' < B} = u,and we say that uis generated byg.

Definition 1.3.(Noiri, 2006) Let (X, u) be a GTS, ifaset X e u ,
then a X is called u-space, and will be denoted by a u-space ( X, 1)
or a u-space X.

Definition 1.4.(Thomas and John, 2012) Let ( X,u) be a GTS, a
cover ‘U of a subsets of X is called u-open cover if the element of
‘U are u-open subsets of X .

Definition 1.5. (Kuratowski.,1933) A non-empty family H of
subsets of X is called a hereditary class, if A € Hand B c A imply
that B eH.

Definition 1.6. (Csaszar, 2006) A GTS( X, i) with a hereditary class
H, for a subset A of X, the generalized local function of A with
respect to H and u, is defined as follows: A* = {x e X: UNA ¢ H

, forall U € u,}, where u, ={U:x € Uand U € u}; and the
following are defined: c;(A) = AUA™ and the family u* =

{AcX: X\A= c,(X\A}isaGTonX.

The elements of u*are called u*-open and the complement of a u*-
open set is called u*-closed set. It is clear that a subset A is u*-closed

if and only if A* c A. We call (X, u, H) a hereditary generalized
topological space and denoted by HGTS.

Definition 1.7. If( X, 1) be a GTS with a hereditary class H, then H
is said to be:

(a) (Csészar, 2006) u-co-dense if u NH = @,

(b) (Qahis and Noiri, 2017) u-nowhere dense if i,c,A = ¢, for A <
X.
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We denoted by Hcthe hereditary class of countable subsets of X
and H, the hereditary class ofu- nowhere dense subsets of X.

Definition 1.8. (Sarsak, 2012) Let (X,u) and A< X. Then a
collection {UNA: U € u} is said to be generalized topology on A,
and denoted by u,. A GTu, on A forms a generalized topological
subspace of X, denoted by (A4, 14).

Let (X,u, HybeaH GTSand A € X, A # ¢. We denoted by Hathe
collection

{Hn(AnA,):H €H }andby (A, ua,Ha) the subspace of X on A.

Definition 1.9. A GTS( X, u) is said to be u-lindelof (Sarsak, 2012)
(resp. nu-lindeléfness (Abuage, Kiligman and Sarsak, 2017)) if for
each p-open cover ‘U ={U,:y € Q}of A, admits a countable sub-
collection {U,. : n € N} such that

Au = Unen Uyn (resp. Au = UneN(iuCqun))'
Where A, is the union of all u-open sets in X.

A subset A of GTS(X,u) is called u-semi-open if A c ¢, (i, (4)
(Csaszar, 2005).

Definition 1.10. (Qahis, 2016) Let(X,u) be a GTS and Hbe a
hereditary class on X. A HGTS(X, u, H)is called uH-lindelsf (resp.
uH-semi-lindelsf) if each p-open (resp. w-semi-open) cover
{U,:y € Q} of A, has a countable subcollection {U,, : n € N} such
that A\ Unen Uy, €H.

Definition 1.11. (Abuage, and Kilicman, 2018) Let (X, u) bea GTS
and H be a hereditary class on X. AHGTS(X, u,H)is called weaklyu-
lindelsf with respect to a hereditary class Hon X (wuH-lindelsf) if
each p -cover {U,:y € Q}of A, has a countable subcollection
{U,,: n € N} such that A, \c,(Unen U,,) €H.
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Theorem 1.1. (Qahis, 2016) Every uH-semi-lindelsf generalized
topological space is uH-lindelsf.

Theorem 1.2. (Csaszar, 2006) Let (X,u) be a GTS and H be a
hereditary class on X

(i) A GTu*finer than p,

(i) U be asubset of X, if U is u*-open, then for each x € U* there
isU € u, and H eH such that x € U\H < U".

2. Nearlyu-Lindel6f with respect to a hereditary class H
Definition 2.1. Let(X, u) be a GTS and H be a hereditary class on
X. A HGTS(X, u, H) is called nearlyu-lindeléf with respect to a
hereditary class H (briefly; nuH -lindelsf) if each u-open cover
{U,:y € Q} of A, has a countable sub-collection {U, : n € N}
such that A, \ Upnen(iyc,Uy,) €H.

Theorem 2.1. A HGTS(X, u, H) is nuH -lindelsf if and only if
every collection {F,:y € Q} of p-closed sets of X such that
(NyeaF,) NA, = @ admits a countable subcollection {F, : n €
N} such that (N pen cuiy E, ) N A, €H.

Proof. Necessity, let {F,:y € 0} be a collection of p-closed sets of
X such that(N,eqF)NA, =0. Then A, S X\(NyeaF) =
Uyea(X\F,), i.e., the collection {X\F,: y € Q} is a u-open cover of
A,,. Since Xis nuH-lindelsf, there is a countable sub-collection {
X\F,, :n € N} such that

s Gacnsm = a0 onain,)

= Au \ (X\ N nEN(Cuiu Fyn )) eH

it is obviously to show that:
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Aun(n TlEN(C/.Li/.L Fyn)) = Au \(X\N nEN(Cuiu Fyn )) € H.

Sufficiency, suppose {U,:y € Q} be a u-open cover of A, then
Ay = Uyeq U, and {X\U,: y € Q} is a collection of u-closed sets of
X.Thus (X \ UyeaU,) NA, =0, ie., Nyea(X\U,) NA, = @. By
hypothesis, there is a countable sub-collection

{X\U,:neN} such that (Npen(cuiu(X\U,)))NA, €H.
Since,

=Au\ (X\(ﬂ neN(Cuiu (X\Uy, )

= 2,0\l

neN
= Ali\ UneN(inyUyn) EH.
Which implies that a HGTS(X, u, H) is nuH-lindelsf.

Theorem 2.2. Let HGTS(X, u, H) be a nuH-lindeléf HGTS and A
be a u-clopen subset of X. Then (A, ua,Ha)is nuHa-lindelsf.

Proof. Let A be ap-clopen subset of X, let {V, = U,NA: U, €
Q for eachy € Q} be a pa-open cover of ANA, = A. Hence the
family{Uy: Yy € Q}U(X \ A) forms a u-open cover of A,,. Since X is
nuH -lindeléfspace, then there is a countable subfamily {U,, :n €
NJU(X \ A)such that A, \ [(Uneniuc, Uy, )UX \ A)] = H €H,
now

ANH = AN (AH \ [(UneNiﬂcﬂUyn)U(X \ A)D
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— AN <A#\ (UnENi#c#Uyn» N (A \ @\ D)
= AN (Au\ (UnENluCu )) N(A,NA)
= AN <Aﬂ\ (UnENlﬂcﬂ ., )) na

= (ana)n (x\ UnENiﬂcﬂUyn)
= AN (X \ UneNi“C“Uy”)
=A\ (Une iuc U, ) A\ <Aﬂ (UnENiﬂcﬂUyn))

However, (Unen iUy, )NA = Unen iy, cu, V- Then,

ANH = A\ Upen iy, ¢y, Vy,, €Ha, and this proves that a subset A is
nuHa -lindelsf.

Theorem 2.3. Let (X, 1) be a u-space and H be a hereditary class
on X. If (X, u*, H)is nu"H-lindelsf then (X, u,H) is nuH-lindelsf
HaGTs.

Proof. The proof follows from Theorem 1.1. and Theorem 2.2. (i),

since every u-closed (u-open) set is u*-closed (u*-open) set. Thus
every u-clopen set is u*-clopen set.

In the following example, we show that the converse of Theorem
2.6. is not true:

Example. Let R be the all set of real numbers and u=
{U c R: U is uncountable}U
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{@} be a GT on R. Suppose H= {R\U: U € u} be a hereditary class
on R, observe that H is not closed under countable union. A u-
space R is uH -lindelsf (see. (Qahis et al., 2016)) so it is nuH-
lindelof. For each t € R, {t} is u*—open. Further, {t} is u—closed set
so it is u*-closed, and hence c,+i,- ({t}) = {¢}. Further, {{t}:t € R}
Is a u*—open cover of a u*—space R. Let that there is a countable
collection {{t,.}:n € N} such that R\ Unen{t,} € H, and this is not
possible. So, a u*— space R is not nu"H-lindelsf.

The converse of Theorem 2.3. will be held if a hereditary class H is
closed under countable union as the following:

Theorem 2.4. Let (X, u) be au-space and a hereditary class H on
X is closed under countable union, then (X, u*, H) is nu"H-lindelsf
if and only if (X, u, H) is nuH-lindelsf HGTS.

Proof. The necessity is obviously by Theorem 2.3. For sufficiency,
suppose (X, u, H) is nuH-lindelsf and H is closed under countable
union. Given {U;:y € Q} a u*-open cover of X, then for each x €
X,x € Uy _forsomey, € Q. By Theorem 1.1, (ii) there is U, € u,

and H, €H such that x € U, \H, c U, . Since the collection

{U,,:x € X} is a p—open cover of a uH-space X, then there is a
countable  sub  collection  {U,, :n €N} such that X\

Unen(iucu Uy, ) =H € H. Since H is closed under countable

union, then U{H, :n € N} € H. Then, HU[U{H,, :n € N}] €H.
Note that

X\ Unen(iprcys Uy, ) © HU[U{H,, :n € N}] €H.

S0, X\ Unen (i ¢y Uy, ) € H. Thus (X, ", H) is nu“H-lindelof
HGTs.
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Theorem 2.5. Let (X, u) be a GTswith a hereditary class H, then
(X, wis nu-lindelsfif and only if (X, u,Hc) is nuHc-lindelsf HGTS.

Proof. The necessity is obviously. Sufficiency, let (X, u,Hc) is
nuHc-lindelsf HGTS, and {U,:y € Q} be a u-open cover of A,.
Then by hypothesis, there is a countable subcollection {U,, : n € N}
such that A, \ Unen(iyc,Uy,) €H. Assume,

A\ Unen(iyc,Uy,) pick out Uy, such that x; € U, foreach i € N,
thus,

Ay = (Unen(ipcuUy,)) U(Uien(iyc Uy ). Which implies
that(X, w)is nu-lindelof.

By Theorem above, it is clear that (X, u)is nu-lindelof if and only if
X, b, {8}) is nu{@}-lindeléf HGTS.

Theorem 2.6. A HGTS(X, u, H) is uH-lindelsf then it is nuH -
lindelofHGTS.

Proof. Let {U,:y € 0} be a u-open cover of A,. Since a HGTS(X,
u, H) is uH-lindeléf then there is a countable sub-collection
{U,,: n € N} such that A,\ Unen U,, €H. But

s et € s Jw.
neN neN

S0, Ay\ Unen((iuc,Uy,)) €H, and the proof is completed.
The converse of above theorem is not true as the following example:

Example. Let R be the all set of real numbers, § = {{a,x}:x €
R, a # x}and a hereditary classH= {@, R}. If the GTu(B)generated
on R by the u—base B, then (R, u(B),H) is HGTS, and for each
nonempty u-open set U of R, we have i, c, U = R. So, for each u —
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open cover {U,:y € Q} of R, there is a countable sub-collection
{U,: neN} such that R\ Unen(iyc,Uy,) €H.  Thus,
HGTS(R, u(B),H) is nuH-lindelsf. Now, U= {{0,x}: x € R}is a
u—open cover of R and let {{0,x,}:n € N} be a countable sub-
collection of ‘U, it follows that R \ (U,en{0, x,}) ¢H. Therefore,
a HGTS(R, u(B),H) is not uH-lindelsf.

Theorem 2.7. Let (X, u) be a GTS, if
(i) (X,w) is nu-lindelsf then (X, u,Hn)is uHn-lindelsf.

(i) (X, w) is nu-lindelsf then (X, u,H)is uH-lindeléf with a u- co-
dense hereditary class H.

Proof. (i) Let (X,u) is nu-lindelsf and {U,:y € Q} be a p-open
cover of A,. Thus there is a countable sub-collection {U, : n €
N}such that Ay = Unen(iyc,Uy,). Since,
UneN(iuCqun) c UneN(CyUyn) c CH(U neN Uyn)’ hence’

Au \ Cu(U neN Uyn) c Au \ UneN(iuCqun) = Q. So, iu(Au \
Unen Uy,) = 9,

and then A, \ Uynen Uy, € Hn. Which proves that a HGTS(X, u,Hn)
is uHxq-lindelsf.

(i) From (i) His a u-co-dense hereditary class.

Remark 2.1. By Definitions 1.11 and 2.1, it is clear to show that
every nuH-lindelsf is wuH-lindelsf but the converse is not true, and

we can prove it if the HGTS is restricted to satisfy u-extremally
disconnected and weak P- u-space as follows:

Definition 2.2. A GTS(X, i) is said to be weak P- u-space if each
countable collection {U,,: n € N,y € Q} of u-open sets in X, then

CH(U neN Uyn) =U nEN(Cqun)-
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Theorem 2.8. Let (X, u) be a u-extremally disconnected, weak P-
u-space GTS with respect to hereditary class H if X is wuH-lindelsf
then it is nuH-lindelsf.

Proof. Let {U,:y € Q} be a u-open cover of A, , since X is wuH-
lindelsf there is a countable sub-collection {U,, : n € N} such that
A \cy(Unen Uy, ) €H. But X is weak P- p-space, then A,\
Unen(cuUy,) = A\ (Unen Uy,,) €H. Since X is u-extremally
disconnected, thus A, \ Upen(iyc,Uy,) = Ay\ Unen(c,Uy,) €H.
Then,

A\ Unen(iyc,Uy.) €H, which proves that X is nuH-lindelsf.

Theorem 2.9. Every uH-semi-lindelof HGTS is nuH-lindelsf.
Proof. The proof is directly from Theorem 1.1. and Theorem 2.6.

The convers is not true as the following example:

Example. Let X = R, u = {X,®,{0}} with a hereditary classH=
{@,R}. Then (X, u) is HGTS, if for each x € X\{0} let A, = {x,0}
then A, is u-semi-open set since i, A, = {0} and c,i, A, = X. Thus
the collection {A4,: x € X\{0}} is a u-semi-open cover of X, but has
no countable sub-collection {A, :x € X\{0}} , n € N such that
A\ Unen Ay, €H. S0, @ HGTS (X, p)is not uH-semi-lindelsf but
itis nuH-lindelsf (even, uH-lindelsf).

Conclusion In this work we defined and studies the notion nearly
u-lindelsf with respect to hereditary class H (briefly, nuH-lindelsf).
Further, some relations among generalizations of uH-lindelsf are
studied, since we observed that every nuH-lindeléf is wuH-
lindelsf, but the opposite is not true. Moreover, ever pH-semi-

lindelof is nuH-lindelsf and the converse is not true as we showed
by example.
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